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The present work deals with the cosmological consequences of the variable cosmological term
Λ(a) = Λ0 + Λ1a
−r + Λ2a−s, where a is the scale factor of the Robertson-Walker space-time. The
covariant conservation of the energy-momentum tensor, the intrinsic coupling parameter α which
describe the interaction between the cosmological constant and non-relativistic matter/radiation
and the parameter ranges 3 < r < 12/(4 − α),Λ1 < 0 and 4 < s, 0 < Λ2 leads to an attractive
density ρdm ∼ a−r and a repulsive density ρinfl ∼ a−s. The identification of the energy density of
space-time expansion in an empty universe with the zero-point density and a more accurate analysis
of the parameter Λ1, r and α demonstrates that the scale discrepancy of the cosmological constant
problem is avoided and that the missing mass problem of dark matter is solved. As the consequence,
the model under consideration is compatible with observations of rotational curves of galaxies and
with constraints from the standard model of particle physics. Moreover, there exists a time t1
such that the time before that becomes imaginary. The adaption of Λ2 and s such that t1 equals
the Planck time solves the flatness, the horizon and the magnetic-monopole problem without a
hypothetical scalar field, which avoids speculations about the origin of this field. These macroscopic
conclusions agree with the quantum arguments introduced by Hartle and Hawking (cf. [1]).
I. INTRODUCTION
In the recent paper [2], the author has proved that
Friedmann equations and the covariant conservation of
the energy-momentum tensor which couples only a small
contribution of Λ(a) = Λ0 + Λ1a
−r, 3 < r < 3.0000075
with non-relativistic matter avoids the scale discrepancy
of the cosmological constant problem (see [4–8]). More-
over, it has been demonstrated that this approach ex-
tends the ΛCDM model (cf. [12]) such that the missing
mass problem of dark matter is solved, observations of
rotational curves of galaxies are satisfied and constraints
from the standard model of particle physics are taken
into account (cf. [10],[9]). Here, Λ0 represents the dark
energy and Λ1a
−r is the generator of cold and hot dark
matter.
The novelty of this work is to present an inflation the-
ory which is caused by a cosmological term Λ2a
−s and
avoids the use of a hypothetical scalar field. Furthermore,
this connects the theory to the imaginary time concept
of Hartle and Hawking.
The remainder of the paper is organised as follows.
In section 2 we review the Friedmann equations where
the cosmological term Λ is a function of the scale factor
a. The variable cosmological term and the identifica-
tion of the energy density of space-time expansion with
the zero-point density which is also considered in sec-
tion 3 has proven to be a very fruitful starting point
for the explanation of the scale discrepancy causing the
cosmological constant problem (cf. [2], [3]). Then, the
gravitational nature of ρdm ∼ a−r and ρinfl ∼ a−s are
investigated. Section 4 derives the concept of imaginary
time from Friedmann’s equation and the properties of
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ρinfl and shows how the key problems of the ordinary Big
Bang singularity are solved. Finally, we show that our so-
lution of the cosmological constant problem satisfies the
constraints of the imaginary time concept and that the
derived creation and annihilation process of dark matter
agrees with the standard model of cosmology.
II. A TIME-DEPENDENT COSMOLOGICAL
TERM
Let us consider a homogeneous and isotropic universe
by using the Robertson-Walker space-time line element
(see [11] for notational conventions)
ds2 = −c2dt2 + a(t)2
(
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
))
,
which reduces Einstein’s field equations to Friedmann’s
equations for the scaling factor a(t)
a˙2
a2
− 1
3
Λ +
k
a2
=
κc2
3
ρ, (1)
3
a¨
a
− Λ = −κ
2
(
ρc2 + 3p
)
. (2)
Moreover, the variable cosmological term is defined by
Λ(a) = Λ0 + Λ1a
−r + Λ2a−s, Λ0, r, s,> 0.
It is convenient to include the Λ-term in the energy-mo-
mentum tensor of the right-hand side. Hence, we define
an effective density and pressure field which includes non-
relativistic matter and radiation
ρeff = ρm + ρr + ρΛ, peff = pm + pr + pΛ,
where ρΛ = Λ(a)/κc
2 and pΛ = −Λ(a)/κ denote the
cosmological fields.
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2The covariant conservation of the energy-momentum
tensor gives
d
da
(
ρeffa
3
)
+ 3
peff
c2
a2 = 0, p′eff = 0,
and leads with pm = 0 and pr = c
2ρr/3 to
1
a3
d
da
(
ρma
3
)
+
1
a4
d
da
(
ρra
4
)
= − 1
κc2
d
da
Λ(a),
which is satisfied by the parametrised coupling
1
a3
d
da
(
ρma
3
)
= −α 1
κc2
d
da
Λ(a),
1
a4
d
da
(
ρra
4
)
= −(1− α) 1
κc2
d
da
Λ(a), 0 < α < 1.
Integrating both equations gives for r, s 6= 3
ρm = ρm,0a
−3 +
αrΛ1
κc2
1
3− r a
−r +
αsΛ2
κc2
1
3− sa
−s, (3)
and
ρr = ρr,0a
−4+
(1− α)rΛ1
κc2
1
4− r a
−r+
(1− α)sΛ2
κc2
1
4− sa
−s,
(4)
for r, s 6= 4. Hence, the interaction between the variable
cosmological term with non-relativistic matter and radi-
ation generates additional matter components.
III. THE DARK SECTOR
In this section we review the basic ideas of the cancel-
lation mechanism between the quantum zero-point en-
ergy and the energy density of the cosmological constant
in an empty universe (cf. [3]). First, using a metric
which is independent of the scale factor, the second Fried-
mann equation can be identified with an Euler-Lagrange
equation. Therefore, the related Lagrangian and the first
Friedmann equation leads to the cancellation mechanism
between the energy density of space-time expansion and
the energy density of the cosmological term. Identify-
ing the energy density of space-time expansion with the
quantum zero-point energy, we get for r, s 6= 4
ρΛ = ρzpe +
4
∫ a
Λ(α)α3 dα
κc2a4
, (5)
where
ρzpe =
1
κc2
(
Λ1
r
r − 4a
−r + Λ2
s
s− 4a
−s
)
!
=
1
2piκl2pc
2
,
and lp denotes the Planck length. It follows that
Λ1 =
r − 4
r
(
1
2pil2p
− Λ2 s
s− 4
)
. (6)
As the consequence, there is no scale discrepancy between
the total energy densities and the fine-tuning problem of
the cosmological constant problem is solved.
In order to analyse the gravitational nature of the mat-
ter components with the exponents r and s, we rearrange
the density components to
ρeff = ρm,0a
−3 + ρr,0a−4 +
Λ0
κc2
+ ρdm + ρinfl,
ρdm =
Λ1
κc2
(
1 +
αr
3− r +
(1− α)r
4− r
)
a−r, 3 6= r 6= 4,
ρinfl =
Λ2
κc2
(
1 +
αs
3− s +
(1− α)s
4− s
)
a−s, 3 6= s 6= 4,
where the names ρdm and ρinfl already anticipate the
character of the densities.
In analogy to [2], we get
3
a¨
a
= −κc
2
2
(
ρm,0a
−3 + 2ρr,0a−4
)
+ Λ0
− κc
2
2
(r − 2)ρdm − κc
2
2
(s− 2)ρinfl.
To get an attractive behaviour of ρdm and an repulsive
nature of ρinfl, we have to demand
ρdm > 0, ρinfl < 0. (7)
By considering the equation
(
1 +
αr
3− r +
(1− α)r
4− r
)
=
(4− α)
(
r − 124−α
)
(3− r)(r − 4) ,
we find that (7) is satisfied if
3 < r <
12
4− α,
(
1
2pil2p
− Λ2 s
s− 4
)
> 0, (8)
and
Λ2 > 0, 4 < s or Λ2 < 0,
12
4− α ≤ s < 4. (9)
Because of the positivity and the attractive nature of
ρdm, it could be identified as dark matter. Moreover, the
repulsive behaviour of ρinfl is responsible for the inflation
of a in the early universe if ρinfl dominates for t → 0,
which is satisfied for an sufficiently large |Λ2|. As usual,
the Λ0-depending term acts repulsive too and is labeled
as dark energy.
From (3) and (4) we can conclude that dark matter and
inflation don’t interact with ordinary matter and radia-
tion (ρm,0 and ρr,0 are independent of Λ1 and Λ2). The
interaction takes place between the cosmological term,
cold and hot dark matter and between the cosmological
term, the cold and the hot inflation field.
3IV. COSMOLOGICAL INFLATION
It remains to analyse the effects of the inflation density.
Using the usual settings H/c = a˙/a,
Ωk = − kc
2
a20H
2
0
, Ωm =
ρm,0
ρcrit
a−30 ,
Ωr =
ρr,0
ρcrit
a−40 , ΩΛ0 =
Λ0c
2
3H20
,
where a0 = a(t0) and H0 = H(t0) denote the present-day
scale factor and Hubble constant, the contributions from
dark matter and inflation are taken into account by
Ωdm =
ρdm
ρcrit
, Ωinfl =
ρinfl
ρcrit
, ρcrit = 3H
2
0/κc
4.
Multiply (1) by c2a2/H20a
2
0, we get(
dx
dτ
)2
= Ωk+
Ωm
x
+
Ωr
x2
+ΩΛ0x
2 +
Ωdm
xr−2
+
Ωinfl
xs−2
, (10)
where x = a/a0 and τ = H0t. Because of Ωinfl/x
s−2 < 0,
which dominates in the early universe, there exists τ1 =
H0t1 such that (dx/dτ)
2 < 0 for τ < τ1. Using the con-
cept of imaginary time introduced by [1], i.e. changing
τ → iτ for τ < τ1, the left hand side of (10) is always
positive. Therefore, the early universe can be described
by an Euclidean space-time line element
ds2 = c2dt2 + a(t)2
(
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
))
.
Hence, the interval [0, t1] is spacelike, there are no time-
like intervals (ds < 0) and no light cones (ds = 0) pro-
vided that k ≤ 0.
Let t2 denotes the end of inflation. The flatness,
the horizon and the magnetic-monopole problem can be
avoided if the number of e-folds during inflation satisfies
the inequality (cf. [14])
N˜ = ln
(
a(t2)H(t2)
a(t1)H(t1)
)
% 60. (11)
Since d2x(τ2)/dτ
2 = 0 and d2x(τ)/dτ2 > 0 for τ < τ2,
dx(τ)/dτ has a finite maximum at τ = τ2. Moreover,
dx(τ1)/dτ = 0 yields
a(t2)H(t2)
a(t1)H(t1)
=
d
dτ x(τ2)
d
dτ x(τ1)
=∞,
which fulfills equation (11).
V. COSMOLOGICAL CONSTRAINTS
In this section we investigate to what extent our
present cosmos can be described with the presented vari-
able cosmological term. Equation (10) leads to the
present-day constraint
1 = Ωk + Ωm + Ωr + ΩΛ0 + Ωdm + Ωinfl.
To relate the last equation with observations (cf. [12]), we
consider Ωk = 0,Ωm = 0.05,Ωr = 5×10−5,ΩΛ0 +Ωinfl =
0.69,Ωdm = 0.26 and H0 = 67.74
km
sMpc . The setting
of Ωinfl will be discussed further down. Moreover, the
definition of ΩΛ0 leads to a cancellation mechanism (5)
which automatically cancel 121 decimal places without
fine-tuning. First, let us discuss the inflation constraints.
The beginning of the inflation τ1 defines the first time of
the universe. Therefore, the setting τ1 = H0tp, where tp
denotes the Planck time, is used. As a consequence and
in contrast to the usual Big Bang theories, the approach
under consideration is valid for t < tp.
The definition of τ1 reduces the degree of freedom of
the inflation parameters to one, i.e. Ωinfl = Ωinfl(s) and
therefore x1 = x1(s). In order to choose the parameter
s one can consider e.g. the scalar spectral index ns and
the tensor to scalar power ratio r (cf. [13]). Usually, ns
and r can be determined in the regime 0 < 1  1, 1 =
− ddtH/H2 by the Hubble flow functions (see [13] and the
references therein). As the consequence of
a¨
a
=
H˙
c
+
H2
c2
=
H2
c2
(1− 1) = a˙
2
a2
(1− 1),
it follows because of
1 = 1−
xd
2x
dτ2(
dx
dτ
)2 ,
that the requirement is not fulfilled
1(τ1) = −∞, 1(τ2) = 1.
As an alternative, the numerical simulation of the pri-
mordial spectra of the scalar and tensor perturbations
can also determine ns and r. However, such a simulation
is beyond the scope of the paper and we proceed with
the unknown parameter s.
From the equations (7) and (10) and the definition of
x1, the following small value approximations arise for the
early universe(
dx
dτ
)2
=
Ωr
x2
− |Ωinfl|
xs−2
, 0 =
Ωr
x21
− |Ωinfl|
xs−21
.
It follows that
x1(s) = (|Ωinfl(s)|/Ωr)1/(s−4) (12)
and
itp =
1
H0
∫ x1(s)
0
dx√
Ωr/x2 − |Ωinfl(s)|x2−s
. (13)
In order to integrate equation (13), it is convenient to
consider
F (s) =
∫ 1
0
λ√
λ−ξ − 1 dλ, ξ = s− 4.
4Therefore, we can write
Ωinfl(s) = −Ωr
(
tpH0
√
Ωr
F (s)
) s−4
2
and
x1(s) =
(
tpH0
√
Ωr
F (s)
) 1
2
,
(cf. Fig. 1 and Fig. 2). Let us consider, for a moment,
the case s < 4. Because of iF (s) ∈ R, time has an imag-
inary character for t > tp. Therefore, the constraints in
(9) become
Λ2 > 0, 4 < s
and (12) yields
|Ωinfl(s)| < Ωr. (14)
Moreover, it follows from ξ = s−4 > 0 and with the help
of the Gaussian hypergeometric function 2F1(a, b, c, z) for
a ∈ C, b = 1/2 + 2/ξ, c− a = 1 + 2/ξ, z = 1 that
F (s) =
1
ξ
∫ 1
0
x
4−ξ
2ξ√
1− x dx =
√
pi
2
Γ( 12 +
2
ξ )
Γ( 2ξ )
.
For the sake of simplicity we consider the parameter
range 4 < s ≤ 10, since Ωinfl(10) = −5.628 × 10−193
should be small enough to consider additional constraints
from the primordial spectra.
4 5 6 7 8 9 10
s
10−244
10−226
10−208
10−190
10−172
10−154
10−136
10−118
10−100
10−82
10−64
10−46
10−28
10−10
|Ωin f l |
Λ2
Figure 1. The inflation parameters Ωinfl and Λ2 with respect
to s.
Second, to consider the dark matter constraints, the
term
Λ2(s)
s
s− 4 =
3H20 |Ωinfl|s(s− 3)
c2(4− α)(s− 124−α )
is discussed. It follows from (14) that
Λ2(s)
s
s− 4 ≤4<s≤10
30H20 Ωr
4c2(4− α)(1− 34−α )
= 2.011×10−56.
4 5 6 7 8 9 10
s
10−34
10−33
10−32
10−31
x1
Figure 2. The scaling paramter x1 at the border between
imaginary and real time
As a consequence, the second constraint of (8) is satis-
fied. Moreover, the coupling between the dark matter
and inflation parameters can be neglected and equation
(6) turns into
Λ1 =
1
2pil2p
r − 4
r
.
Using Ωdm = 0.26 and
 =
2pil2pH
2
0 Ωdm
c2
= 2.29× 10−122,
it follows in analogy to [2] that
r = 3 +
3α
4− α −
108α
(4− α)3 +O(
2),
which results in a 13.80 years old universe as long as
0 < α ≤ 10−5.Moreover, the remaining parameters of the
cosmological term are Λ1 = −2.03 × 1068 and 3 < r ≤
3.0000075. Hence, the overall cosmological term Λ(a) is
negative!
For the consequences on constraints from the standard
model of particle physics and from observations of rota-
tional curves of galaxies see [2].
VI. CONCLUDING REMARKS
In this paper, the variable cosmological term Λ(a) =
Λ0 + Λ1a
−r + Λ2a−s, r, s > 0 has been applied and it
has been confirmed that Λ2a
−s,Λ2 > 0, 4 < s describes
the inflation of the early universe without a hypotheti-
cal scalar field which avoids speculations about its ori-
gin. More precisely, Λ2a
−s creates/destroys the inflation
density field with the interaction of non-relativistic mat-
ter/radiation, such that the density field generates the
imaginary time structure from [1], which happens before
the universe shrinks so far as the quantum effects become
dominant and the equations invalid. As a side effect, the
5flatness, the horizon and the magnetic-monopole prob-
lems are solved automatically.
Moreover, it has also been confirmed that the identifi-
cation of the total energy density of an empty Friedmann
universe with the zero-point energy density avoids the
fine-tuning problem of the cosmological constant prob-
lem. As a consequence, Λ1a
−r generates the attractive
force and the missing mass of dark matter. The accepted
age of our universe has explained by coupling only a small
fraction of the cosmological term with non-relativistic
matter. As the consequence, the parameter range shrinks
to 3 < r < 3.0000075, which satisfies numerous ob-
servational constraints (see [2]) and establishes a nega-
tive cosmological term in our universe. This could have
important consequences for holographic correspondence-
theories which are mainly formulated on space-times with
a negative cosmological constant (cf. [15]) and could pre-
vent the swampland in string theories (cf. [16]).
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